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ENERGY PROPERNESS AND SASAKIAN-EINSTEIN METRICS 



XI ZHANG 



f - *i ' Abstract. In this paper, we show that the existence of Sasakian-Einstein 

£*\J , metrics is closely related to the properness of corresponding energy functionals. 

Under the condition that admitting no nontrivial Hamiltonian holomorphic 
'~{ • vector field, we prove that the existence of Sasakian-Einstein metric implies a 

Moser-Trudinger type inequality. At the end of this paper, we also obtain a 
Miyaoka-Yau type inequality in Sasakian geometry. 



U ' 1- Introduction 

An odd dimensional Riemannian manifold (M, g) is said to be a Sasakian man- 
^ . ifold if the cone manifold (C(M),g) = (M x R+, r 2 g + dr 2 ) is Kahler. In this 

paper, we suppose that dimM — 2m + 1. Furthermore, Sasakian manifold (M,g) 
is said to be Sasakian-Einstein if the Ricci tensor of g satisfies the Einstein condi- 
tion. It is well known that the Kahler cone (C(M),g) must be a Calabi-Yau cone 
if (M, g) is a Sasakian-Einstein manifold. Recently, Sasakian-Einstein metrics have 
attract increasing attention, as they provide rich source of constructing new Ein- 
stein manifolds in odd dimensions and its important role in the superstring theory, 
^ see references 1 [9j M ED M El M US M HS1 M US [23[2l[36]. 

\Q . Sasakian manifolds can be studied from many view points as they have many 

CN ' structures. A Sasakian manifold (M,g) has a contact structure (£,,rj, $), and it 

£ — . also has a one dimensional foliation J 7 ^, called the Reeb foliation. Here, the Killing 

vector field £ is called the characteristic or Reeb vector field, r/ is called the contact 
1-form, 4> is a (1,1) tensor field which defines a complex structure on the contact 
sub-bundle T> — kerrj. In the following, a Sasakian manifold will be denoted by 
(M,t;,r],§,g), the quadruple (£,??, &,g) will be called by a Sasakian structure on 
manifold M. In a natural way, a Sasakian structure (£, ?y, $, g) induce a transverse 
holomorphic structure and a transverse Kahler metric on the foliation J-j. In this 
paper, we may change Sasakian structure, but always fix the Reeb vector field £ 
and the transverse holomorphic structure on J-^. 

Fixed a transverse holomorphic structure on J^, we have a splitting of the 
complexification of the bundle A^(M) of basic one forms on M, A 1 B (M) ® C = 
Ag (M) © A^ (M), and then we have the decomposition of d, i.e. d = 8b + &b- 
We have the basic cohomology groups H l g (M,T^) which enjoy many of the same 
properties as the Dolbeault cohomology of a Kahler structure. We also have the 
transverse Chern-Weil theory and can define the basic Chern classes cf?(M, J^). 
For the detail, see [8]. Given a transverse Kahler structure g T , one can define 
the transverse Levi-Civita connection V T on the normal bundle v(F{) = TM/L£, 
and then one can define the transverse Ricci curvature Ric T , see section 2 for 
details. We denote the related Ricci form by p T , it is easy to see that p T is a 
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closed basic (1, l)-form and the basic cohomology class ^[p T ]b = cf(M, T^) is 
the basic first Chern class. A Sasakian metric (£, 77, &,g) is said to be transversely 
Kahler-Einstein if it's transverse Ricci form satisfies p T — p,drj. It's easy to see 
that a Sasakian metric (£, r), &,g) is Sasakian-Einstein then it must be transversely 
Kahler-Einstein and p T = (m + l)drj. So, a necessary condition for the existence of 
Sasakian-Einstein metric on M is that there exists a Sasakian structure (£, 77, $, g) 
such that 27rcf (M, Jj) = (m + l)[dr?]s. 

Given a Sasakian structure (£, 77, $, g) on M, Let's denote the space of all smooth 
basic real function tp (i.e. £<p = 0) on (M, £, 77, $,g) by C|f (M, £). Set 

(1.1) «(fc 17, *,$) = W G C^(M,0 : ifc A (d^)" ^ 0}, 
where 

(1.2) 77^ = 77 + \^-T-(d B - 9s)y, dri v = di] + v^ld B d B <P- 

For any ip £ H, (£, rj Vl $ y , <7 V ) is also a Sasakian structure on M, where 

(1.3) $ v = $ - £ ® (d c B <p) o $, r^ = -dr) v o(Id®$ v )+r) v ®r) lp . 

Furthermore, (£, 77^, ^^j g v ) and (£, 77, $, g) have the same transversely holomorphic 
structure on ^(.Ff ) and the same holomorphic structure on the cone C(M) (Propo- 
sition 4.2 in [TS], also [5] ). Obviously, those deformations of Sasakian structure 
deform the transverse Kahler form in the same basic (1,1) class. We call this class 
the basic Kahler class of the Sasakian manifold (M, £, 77, $, g). 

As in the Kahler case, one can define Aubin's functionals I&q, Jdrp Ding and 
Tian's energy functional Fd n , and Mabuchi's if-energy functional Vd-q on the space 
7^(^,77,^,(7), see section 3 for details. We say the energy functional Fd n (or Vd v ) 
is proper if limsup i _ > . +00 Fdrj(<Pi) — +00 whenever lim^ +00 Jdriifi) = +00, where 
<fii £ "H(£, 77, $, g). We say two Sasakian structures are compatible with each other 
if they have the same Reeb vector field and the same transverse holomorphic struc- 
ture. 

In Kahler geometry, Tian 33^ have show that the existence of Kahler-Einstein 
metric is equivalent with the properness of F energy functional on a compact Kahler 
manifold with positive Chern class and without any nontrivial holomorphic fields. 
In this paper, under the condition that without nontrivial Hamiltonian holomorphic 
vector field (see section 2 for details), we generalize Tian's result in [33 to the 
Sasakian case. In fact, we obtain the following theorem. 

Main Theorem Let (M, £, 77, $, g) be a compact Sasakian manifold with [drj\B = 
^jCi(M,F^) and without any nontrivial Hamiltonian holomorphic vector field. 
Then M has a Sasakian-Einstein structure compatible with (£, 77, $, g) if and only if 
the functional Fdri (or the K -energy functional Vd v ) is proper in the space H(£, 77, $, g). 

We will follow Tian's method, and the discussion in J5B] by Phong, Song, Strum 
and Weinkove. It's easy to see that if a Sasakian structure (£' , rj' , $>' , g') is com- 
patible with (£,77, &,g), then we have [drj']B = [drf[B € H B (J 7 ^), by transverse dd 
lemma ([13]), there exists a basic function (p £ T-L(£,,n,^,g) such that 

(1.4) dr\ = dr/ + dd c B (p, and rj = 77 + d c B ip + £ 

where £ is closed basic one form, d c B — ^^-(83 — d B ). So, the existence problem 
of Sasakian-Einstein metric compatible with (£,77, <I>, g) can be reduced to solving 
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the following transverse Monge- Ampere equation, 

(1.5) (tfe?)m - = exp(h dri - (m + l)<p), 

where <p £ %(£, 77, $, g) and /i^ is a smooth basic function which satisfies p T — 
(m + l)dr/ + ^f—ldBdBhdn and f M eiq>(hdri){dr)) m Ar] — J M (dr]) m A 77 = V. In order 
to use the continuity method, we consider the following family of equations 

n a\ {dri + y/^ld B dB'p) m Arj ,, ., Ll x s 

(1.6) ( ^ )m A =exp(h dv -t(m + l)ip), 

where t £ [0,1]. By El-Kacimi's ( [TJ]) generalization of Yau's estimate ([35]) 
for transverse Monge- Ampere equations, to solve the transverse Monge- Ampere 
equation (11.5[) . it is sufficient to obtain a priori uniform C° estimate of solution (p 
of the transverse Monge- Ampere equation (|1.6[) . Different than the Kahler case, the 
transverse Monge- Ampere equation (|1.6[) only give bounds on the transverse Ricci 
curvature which does not lead a lower bound of the Ricci curvature by a positive 
constant. So, we can not apply the Myers theorem directly to obtain an estimate 
on the diameter and the lower bound of the Green's function. It's pointed out by 
Sekiya ([28 ), through P-homothetic deformation of Sasakian structure, one can get 
the desired estimates in the Sasakian case. In section 4 (theorem 4.3), we show that 
the properness of energy functional Fd v (or the K-energy functional Vdrj) implies 
the C° estimates, and so we get a existence result for Sasakian-Einstein metric. 

To prove the existence of Sasakian-Einstein metric implies the properness of en- 
ergy functional, we use the backward continuity method. In order to apply the 
implicity function theorem at time t = 1, we should consider the eigenspace corre- 
sponding to the eigenvalue — 4(771+ 1) of the basic Laplacian of the Sasakian-Einstein 
metric. Thanks to A. Futaki, H. Ono and G. Wang's result [T5], we know that the 
above eigenspace is not empty if and only if there exists a nontrivial Hamilton- 
ian holomorphic vector field. In section 6 (theorem 6.1), under the condition that 
without nontrivial Hamiltonian holomorphic vector field, we obtain the following 
Moser-Trudinger inequality on Sasakian-Einstein manifold {M,^,T]se-,'^sei9se)i 
i.e. there exist uniform positive constants C\, C'2, such that 

(1-7) Fdr, SE (<p) > CiJ d7)8B {ip) - C 2 , 

for all ip £ "H{^,t]sei^se,9se)- In view of the cocycle identity of Fd n and prop- 
erties of Jdr) (see section 3, lemma 3.1 and lemma 3.2), the inequality holds for 
every Sasakian structure (^, 77, <&, (7) which compatible with the Sasakian-Einstein 
structure (£,,r]sE,&SE,gsE)- On the other hand, the relation ()3.25j) implies that 
the Moser-Trudinger type inequality (ll.7|) also be valid for the /C-energy Vd v - 

Given a Sasakian structure (£, 77, $, g) on M with 2ncf(M) — (m + l)[drf\B, 
we denote 5(£, J) to be the set of all Sasakian structures which compatible with 
(£, 77, <&,#). By definition 2.6 and proposition 2.7, it's easy to see that the integral 

(1.8) / M (2cf (*,*, - -^ (*,*)•) A ^_! A ,/ 

is independent of the choice of a Sasakian structure (^, 77', <&', g') £ S(£,J). By 
direct calculation, see lemma 7.2, if there exists a Sasakian-Einstein structure ( or 
equivalently a Sasakian structure with constant scalar curvature)in <S(£, J), then 
the integral (|1.8|) must be nonnegative, this inequality will be called a Miyaoka-Yau 
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type inequality. In section 7, we discuss this Miyaoka-Yau type inequality under 
a more weak condition, and show that the energy function Fd^ (or Mabuchi's K- 
energy Vd-q) bounded below will implies this weak condition, see theorem 7.3 and 
proposition 7.5 for details. 

This paper is organized as follows. In Section 2, we will recall some preliminary 
results about Sasakian geometry. In section 3, we introduce energy functionals 
in Sasakian geometry. In section 4, we consider the transverse Monge-Amperc 
equation, and give a existence result of Sasakian-Einstein metric. In section 5, we 
use the Sasakian- Ricci flow to get a smoothing lemma. In section 6, we give a 
proof of the Moser-Trudinger type inequality (|1.7jl , and finish the proof of the main 
theorem. In the last section, we obtain a Miyaoka-Yau type inequality in Sasakian 
geometry. 

2. Preliminary Results in Sasakian geometry 

2.1. Transverse Kahler structure. Let (M, £, r],&,g) be a 2m + 1-dimensional 
Sasakian manifold, and let J-j be the characteristic foliation generated by £. Firstly, 
Let us recall that a Sasakian structure induce a transverse Kahler structure on the 
foliation J-£. A transverse holomorphic structure on J-j is given by an open covering 
{Ui}i(zA of M and local submersion fa : Ui — > C n with fibers of dimension 1, (the 
leaves of the foliation F^\u- on Uj coincide with the fibers of the map /,, leave is the 
image of the flow of £), such that for i,j 6 A there is a holomorphic isomorphism 
9ij of open sets of C n such that fi = Oij o fj on Ui f] Uj . 

In order to consider the deformations of Sasakian structures, we consider the 
quotient bundle of the foliation F^, v(JF^) = TM/L£. The metric g gives a bundle 
isomorphism a between v{F^) and the contact sub-bundle T> — Kerr], where a : 
v{T() — > T> defined by 

a{[X})=X-r,{X)£ t . 

By this isomorphism, $|-p induces a complex structure J on ^(J 7 ^). Since the 
Nijenhuis torsion tensor of <& satisfies 

N*{X,Y) = -do(X,Y)®C 

So, (v(F{) : J) = (T>, $|d) gives J-£ a transverse holomorphic structure. Then 
(D, $|x>, drf) gives J^aa transverse Kahler structure with transverse Kahler form 
^dr] and metric g T defined by g T (-, •) = \dr}{-, $•)• 

In the following we say that a Sasakian structure (£,r]',$',g') have the same 
transverse holomorphic transverse structure with that of (£,77, $,5), means that it 
satisfies 

(2.1) J o 71V = 7r„ o $' 

where 7iv is the projection 7r„ : TM — > ^(J 7 ^). 

Definition 2.1. We define <S(£, J) to &e t/ie set o/a^ Sasakian structures which 
have the same Reeb vector field and the same transverse holomorphic structure with 
(£,77, $,(7), i.e. all Sasakian structures which compatible with (^,77, $,g). 

Definition 2.2. Fixed a transverse holomorphic structure (^(J^), J) on the 
characteristic foliation F^. A complex vector field X on M is called a transverse 
holomorphic vector field if it satisfies: 
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(1) 7r[C,X}=0; 

(2) J(n(X)) = V=ln(X); _ 

(3) n([Y,X}) - y/=lJir([Y,X]) = 0, Vy satisfying Jir(Y) = -y/-Lir(Y), 
where n is the projection n : TM — > v{J-^). Given a transverse Kdhler form dn. Let 
ip be a complex valued basic function, then there is a unique vector field Vd^VO *= 
T(T C M) satisfies: (l)J{-K{V dr} {il>))) = yf-tv{V d7] {^)); (2) $ = >/=l»?(K,tyO); (3) 
dsip — ~ 2 di](V v (ip), •). The vector field V v (i[>) is called the Hamiltonian vector 
field of ip corresponding to the transverse Kdhler form dn. A complex vector field 
X on M is called a Hamiltonian holomorphic vector field if it is transverse holo- 
morphic and is the Hamiltonian vector field of some complex valued basic function 
ip corresponding to some transverse Kdhler form dr\. 

Remark 2.3. By the definition, c£ is a Hamiltonian holomorphic vector 
field for any constant c. In this paper, without nontrivial Hamiltonian holomorphic 
vector field means that any Hamiltonian holomorphic vector field must be or ct;. 

Given a Sasakian structure (£, n, $,g), we might identity T> with v{J-{) by the 
isomorphism. However, it's better to distinguish them, since under the deformations 
of Sasakian structure, the contact sub-bundle T> changes, while v(F%) keeps fixed. 
But for simplicity of notation, we will use the same notation if there is no confusion, 
especially if we do not consider deformations. From the transverse Kahler structure 
(T>, $|x>, di]), one can define the transverse Levi-Civita connection V T on T> by 

Tv _/ (VxY)r, XeD, 



(2-2) V X Y ) k^ x = ^ 

where V is the Levi-Civita connection with respect to the Riemannian metric g, 
Y is a section of V and X p the projection of X onto V. It is easy to check that 
the transverse Levi-Civita connection is torsion-free and metric compatible. The 
transverse curvature tensor and transverse Ricci curvature are defined by 

(2.3) R T (V, W)Z = V^V^Z - V^VlZ - Vf v<w] Z, 

(2.4) Ric T (X, Y) =< R T (X, e t ) ei , Y > g , 

where Ci is an orthonormal basis of T>, X, Y, Z £ T> and V, W £ TM. We also have 
the following relations between the transverse curvature tensor and the Riemann 
curvature tensor (see |10j ) 

R T (X, Y)Z = R(X, Y)Z- < R(X, Y)Z, $ > £ 
{ ' - < ^ Y Z,i > $(X)+ < V x Z,i > ${Y)+ < [X,Y\,t > $(Z), 

and 

(2.6) Ric T {X, Y) = Ric(X, Y) + 2g T {X, Y), 

for X, Y, Z £ T>. The transverse Ricci form defined as following 

(2.7) p T {X, Y) = Ric T {$X, Y). 

Definition 2.4. A Sasakian manifold (M,£,r],<b,g) is said to be transversely 
Kdhler- Einstein if 



Ric T = ng T , or p T = n(-dn) 



for some constant c 
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A Sasakian manifold (M, £, 77, $, g) is called a Sasakian-Einstein manifold if g is 
a Riemannian Einstein metric, i.e. Ric g = 05 for some constant c. It is easy to 
see that a Sasakian-Einstein must be transversely Kahler-Einstein, the constant c 
must be 2m, and 

(2.8) Ric T = (2m + 2)g T , or p T = (m + l)dm 



2.2. Basic cohomology. A p-form 9 on Sasakian manifold (M, £, 77, 4>, g) is called 
basic if 

(2.9) it=d = 0, L ? 6> = 0, 

where ij is the contraction with the Killing vector field £, L^ is the Lie derivative 
with respect to £. Basic cohomology was introduced by Reinhart in [27]. We begin 
with a brief review following [34]. It is easy to see that the exterior differential 
preserves basic forms. Namely, if 9 is a basic form, so is dO. Let A B (M) be the 
sheaf of germs of basic p- forms and £l B (M) = T(M, A B (M)) the set of all section 
of A B (M). The basic cohomology can be defined in a usual way (see [14]). Let T> c 
be the complexification of the sub-bundle 2?, and decompose it into its eigenspaces 
with respect to $|d, that is 

(2.10) V c =V 1 '°®V ' 1 . 

Similarly, we have a splitting of the complexification of the bundle A B (M) of basic 
one forms on M, 

(2.11) A^(Af)(g)C = A^ o (M)0A^ 1 (M). 

Let f\ l B (M) denote the bundle of basic forms of type (i,j). Accordingly, we have 
the following decomposition 

{M)®C = ® i+] =p A B 3 (M). 



(2.12) 






A P B 


Define &b 


and 8b 


by 




(2.13) 






Ob 
Ob 



A«(M)->A^(M); 

A^(Af)^A^' +1 (M); 

which is the decomposition of d. Let d B = \\/ — 1(8b — 9b) and ds — d\ A p . We 
have ds = Qb + 9b, dBd c B = ^f^ldsdB, d B — (d c B ) 2 — 0. The basic cohomology 
groups H l B (M, T^) are fundamental invariants of a Sasakian structure which enjoy 
many of the same properties as the Dolbeault cohomology of a Kahler structure 
[5]. On Sasakian manifolds, the dd- lemma holds for basic forms. 

Proposition 2.5. ([14]) Let 9 and 9' be two real closed basic form of type (1, 1) 
on a compact Sasakian manifold (M, £, 77, $, g). If [6]b = [9']b S H b (M, T^), then 
there is a real basic function (p such that 

9 = 9' + V^Td B d B p. 

Consider the complex bundle (V, $|x>) (or (z/(J^), J)) on a Sasakian manifold 
(M, £,r), $, g). Let i?m T be the transverse curvature with respect to the trans- 
verse Levi-Civita connection V T . If we choose a local foliate transverse frame 
(Xi, ■ ■ ■ ,X m ) on the bundle T>, then Rm T can be seen as a matrix valued 2-form 
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(i.e. End(T>)-vahied). Rm T is a basic (1, l)-form. Let's define the basic (k, fc)-form 
7/c by the formula 

(2.14) det(Id m + ^-—Rm T ) = 1 + V 

ATT ' ^ 



,1k- 
fe=l 



Definition 2.6. 7^ is a closed basic (fc, fc)-form it represents an element in 
H B ' (M, J-j) that is called the basic k th Chern class and denoted by c^{M,T^). 

We have the following proposition. 

Proposition 2.7. ([8 , proposition 7.5.21) The basic Chern classes c^(M, J 7 ^) 
are independent of the choice of a Sasakian structure in <S(£, J) 

Let p T = i?ic T ($-, •) be the transverse Ricci form of the Sasakian structure 
(£,77, $,<?). p T is a real closed basic (l,l)-form and the basic cohomology class 
7^- [p t ]b = C\ (M, J-j) is the basic first Chern class. We say that the basic first Chern 
class of (M, Ft) is positive (negative , null resp.) if it contains a positive (negative, 
null resp. ) representation. By the definition and (|2.8[) , a necessary condition for the 
existence of Sasakian-Einstein metric (M,£,r/,&,g) is 2-7rcf (M, J-^) — (m + 1) [drf\ B . 

On Sasakian manifold (M, £,77, &,g), the basic Laplacian is defined by 

4mV=ld B d B iP Ajdn)" 1 - 1 An 
(2A5) ^ = (d^TTn ' 

for any basic function ip. It is well known that the basic Laplacian is equal to the 
restriction of the Riemannian Laplacian A g on basic functions, i.e A^-0 = A g ip for 
any basic function if). 

2.3. Transformations of Sasakian structures. Let (£,,r],$,g) be a Sasakian 
structure on M, for every real basic function tp £ %(£, n, $, g), we can obtain a new 
Sasakian structure (£,?7 V , $ v ,gtp). Here r) V i$ v ,g v is defined as that in (|1.2j) and 
(|1.3|) . We know that the above deformations fix the Reeb vector field £ and the 
transverse holomorphic structure. 

Let (£',7/, <!>',</) be an another Sasakian structure which is compatible with 
(£, 77, $,<j), then there exists a basic function ip £ H(£, 77, $,<?) such that dn' = 
dn + dd c B p and rf = n + d c B p + £, where £ is closed basic one form. Since the 
difference between rj and r\ is a basic one form, it is easy to see that 

(2.16) {dn') m A rf = (dr/) m A 77, 
and 

(2.17) / (dr/) m An' = f (dn) m An = V. 



In the following, pT denotes the transverse Ricci form with respect to the transverse 
Kahler metric dn. In local foliation coordinates (x, z\, ■ ■ ■ , z m ), we have 

(2.18) P l n = -V^ld B d B log det((dr))i]). 

Globally, the difference between two transverse Ricci form can be expressed by 

(2-19) Pi - Pi, = V~ld B d B log(^^). 
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From the above formula, we know that to find a Sasakian-Einstein structure com- 
patible with (£, 77, $, g) is equivalent to solve the transverse Monge- Ampere equation 

dUD. 

Let's recall one class special deformations of Sasakian structure, 

(2.20) £ s = s -1 £, T] s = sr), $ s = $, g s = sg + s(s-l)r)<g>r), 

where s is constant. These were called 2?-homothetic deformations by Tanno |30) . 
These deformations do not deform the characteristic foliation and the contact bun- 
dle V, but only rescale the Reeb field £ and contact 1-form 77. If (£,77, $,5) be a 
transverse Kahlcr Einstein Sasakian metric with positive transverse Ricci curvature, 
i.e. Ric^ — [ig T (Ric — (/1 — 2)g + (2n + 2 — y)n <g) 77)for positive constant fi e i?. 
Then, by the 2?-homothetic transformation s = 2 (n+i) ' we § e ^ a Sasakian-Einstein 
metric (£ s , 77 s , <E> S , <7 S ). Indeed, by the relation formula (2.15) in {301 , we have 

Ri C g B = Ric g -2(s- 1)5 + s _1 (s - l)(2(2n + l)s + 2ns(s - l))r/® 77 
= {2r7 + 2-/i + s" 1 (s- l)(2(2n + l)s + 2ns(s- l))}*?®^ 

(2.21) +(/j - 2 - 2(3 - l))g 

= ^^^{sg + s(s - 1)77 ® 77} + ((2n + 2)s 2 - /js)t7 ® 77 
= 2mg s . 

Through Tanno's P-homothctic transformation, one can prove the following 
lemma. The proof can be found in [25] and [28], see also proposition 2.6 in [37] . 

Proposition 2.7. Let (M, £,77, g) &e a 2m -I- 1- dimensional compact Sasakian 
manifold with Ric T > e<? T . Suppose that <fr £ C|?(-/lf) satisfies A s (/3 < <5, tften iwe 
/iawe 

(2.22) -M</><± [ (^)(^ rA 77+^^, 

where V = f.Jdr))" 1 A 77 and constant C(m) depends only on m. 

From the above proposition, it is easy to conclude the following corollary. 
Corollary 2.8. Let (M, £, 77,5) be a 2m + 1-dimensional compact Sasakian 



manifold and f G %(£, 77, $, g) be a potential function with Ric T \dr) v ) > eg^ . Th 



we have 

(2.23) Osc( V ) < I dr ,(f) + ^^ + C(M, g), 

where constant C{M, g) depends only on (M, g) and constant C(m) depends only 
on m. To the definition of Ld n , see section 3. 

Proof. Using the fact A^ft > —Am and the Green's formula, we have 

(2.24) sup V <^- f cp(d V ) m A V + C(M,g). 

M V J M 

Then, by A^, tp < Am and the above proposition, we have 

Osc(f) = sup M (ft - inf m ft 

< Icbl ^) + ^l + C{M,g). 

a 



(2.25) 
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3. Energy functionals 

Let (£,77, &,g) be a Sasakian structure on M. We consider following functionals 
on %((,, 77, <&, g) which are analogous to the ones in Kahler geometry. 



= Jo 1 l 8 Id v {sip)ds, 

= <M</?) - f7 Jm V^t?)" 1 A 77 



Id v (<f) 

(3 } *£,M 

where V = j M (drj) m A 77, and hd-q is a smooth basic function which satisfies p T = 
(m + l)dn + y/^TdBdBhdij and J M exp(/i^)((i?7) m Ai] = V. Noting that #($-, •) = 
\dr], when p £ C B °(M) we have 

(3.2) mV=ld B d B <p A (rf??) m_1 A 77 = -&y{drj) m A 77, 

where A is the Laplace of the metric g. Let <p a be a smooth curve in "H, by direct 
calculation, we have 

(33) &*,&.) = yJ M <Ps{(dri) m -(dv v J m }AV 

~W f M < P> A v ( P'( dr lv.) m Ar), 

(3-4) ^ J dv (<p a ) = i | ^{(dr,)'" - (d^J" 1 } A 77, 

(3-5) ^> s ) = -^ / ^(d77^rA77, 

and 

(3.6) 



M 



£ **,(*>.) - -f I M <Ps(dvv.) m A 77 

+(/m e^-^+^ldrj)" 1 A rj)- 1 J M p s e h ^-^ m+1 ^{drf) m A 77, 



where <p s = -4-<f s and A^ s is the Laplace corresponding with the metric g Vs . From 
(|3.6[) . it is easy to that the critical points of Fd v are transverse Kahler-Einstein 
metrics. 

The following properties can be proved by a similar method as in the Kahler 
case (see 0], [32], [25], [28]). 

Proposition 3.1. Let C be a constant, then 

(3.7j dn (>P + C)= I dr ,((f), Jd v (<P + C) = Jdr,(f), F dn (if + C)= F dv (<p). 

Id-q, Idri ~ Jdr], Jdr] ore non-negative functionals on H(l;,r], $,5), and we have 

(3.8) Idriif) < (m + l){I dr ,(<p) - Jdr,{<p)} < ml dv {p). 
Let ift be a family of basic functions in H, then 

(3.9) J t iWVt) ~ JdvifPt)} = ^yj Vt(&tj t <Pt)(dr, Vt ) m Ar), 

where A t is the Laplacian corresponding to the metric g Vt . Fd v satisfies the follow- 
ing cocycle property, i.e. 

(3.10) Fd v ^) + F dv '{<t>-il>) = F dri {<t>), 
and 

(3.11) F dr ,{ip) = -F dr , l {-Tp) 
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for all (f>,ip £ H(£, ??, $, g) and drf = drj + \J — ld B d B ip. We also have the cocycle 
condition for F9 . 

Lemma 3.2. Let (£,77, $,5) and (£,7/, $',</) are two Sasakian structures with 
the same transverse holomorphic structure on M , and assume that drj — dr]' + 
V - ld B d B <j) for some basic function <j>. Then, we have 

(3.12) |/d„'(^ + 0)-^O)l < (m + l)Osc((/>) 

for allip£U{^n,<5>,g). 

Proof. By definition, we have 

/oion V{I dv >{v + <t>)-Idr,(y)) 

where dr) v = drj + y — ld B d B ip. On the other hand, By direct calculation, we have 

i/wKwr-mAt)! 

= I J M p{-^ld B d B <t>) A (E7JWY A (drir-S- 1 ) A ^1 

(3.14) = \! M <t>{-^d B d B v)A{Y™- Q 1 {dr } yA{dri)™-l- 1 )hr } \ 

= I J M 4>{d V - d Vv ) A (EjTo 1 W A (dr ? ) m ^- 1 ) A 7,1 

< mVOsc{4>) 

and 

(3.15) 1 / 4>((dvT - {dn v ) m ) a n\ < vo sc {<p). 

JM 

Then ([333]) . (pTH)! and (|3~T5l) imply (f3~T2|) . 

D 

Let p^ denote the transverse Ricci form of the Sasakian structure (£, rj^, $ v ,g v ). 
Im Pv A (dVf) m A n v is independent of the choice of ip £ %(£, 77, $, 5) (e.g., Propo- 
sition 4.4 in [15]). This means that 

, 3 16) § = /M^fa) mA % = J M 2mpl A (dr,^- 1 Ar, 

/ M ( rf ^) m A^ ~~ / M (^) m A?? 

depends only on the basic Kahler class. As in the Kahler case (see [20]), we can 
define the Mabuchi's /C-energy on the space H(£, n, <&, g). 

Definition 3.3. Let p' and (p" are two basic functions in %(£, 77, $,5), we 
define 

(3.17) A%V) :=—/ f p t (ST-S)(d Vt ) m A V dt, 

v JO JM 

where <pt (t £ [0, 1]J 6e a paife m % connecting ip' and p" , ip t — -§i<Pt, Sj is the 
transverse scalar curvature to the Sasakian structure (£, r] Vt , $ Vt , g ifit ) and 5 is the 
average defined as in H3.16\) . We also define 

(3.18) V dVv ,(<p)~M(<p',<p'+<p) 
for any ip £ W(£,%', $^',5^'). 

By Theorem 4.12 in [T5] (or lemma 11 in [IH]), we know that M. is independent 
of the path ip t , and so M. is well defined. Furthermore, M. satisfies the following 
cocycle condition, i.e. 

(3.19) M(<po,<pi) +M((pi,(po) = 0, 
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(3.20) M(<po,<Pi) + M(cpi,ip 2 ) + M{ip 2 , ipo) = 0. 
and 

(3.21) M(<pi+C',<p 2 + C")=M(ipi,<p2) 

for any ip^ £ H(£,,ri,&,g) and C',C" £ R. Following Ding [T3], we also have the 
following relation between the functionals Vd v and Fd v - 

Remark: By the definitions and the above properties, it is easy to see that the 
functionals Fd v and Vd-q can also be defined on the space 5(£,J). 

Lemma 3.4. Let (M, £, r), $, g) be a compact Sasakian manifold with 2ircf (M) = 

(in, + l)[drf\B, then 

/o 9 - V dv {cj>) - 2(m + l)F dn (<f>) 

[ ' = y hi hd v (dv) m A v ~ £ Jm h dn , (<%) m A r, 

for any cj) £ ^(£,77, <I>, g), where h dri and h drt4> are the normalized Ricci potential 
functions with respect to drj and dr\$. 

Proof. Let (j>t be a path connecting with </>, by the definition, we have 

Vdr,(<t>) = -±JoJ M MST-2m(m + l))(dT)t) m Ar,dt 

= ~¥ Jo Jm MpI ~ (m + l^tXc^r- 1 Andt 

= -^V^ll Jm ^d B d B (hd v - (ro + l)4>t 

(3.23) - log (g^X^)" 1 - 1 A rydt 

= -V Jo Jm(^ " (m + 1)& - log { -^f^)U^t) m A »?) dt 
= -2(m + 1)(I*, - J*,)M + £ / M &*, W - d^) A t? 

On the other hand, it is easy to check that 

(3 - 24) ~ log { (dfrAv (m + ^ + c = h ^ - ft**. 

where c = - log(£ J M e h ^- ( - m+1 ^dn m A rj). Then 

V*,(0 = 2(m + 1) Ja,(^) - ^^^ J M 4>dr) m An + 2c 
+V Jm hd v (dr)) m A r? - £ J M h drt4> (c%) m A n 
= 2(m + l)F d M + £ J M h dri {dn) m Ar,-± J M h dr) , (d V< p) m A n. 

□ 
By the normalization J M eyL^hd^^idn^)" 1 A-q — V, we known that J M h dr]4 ,{dr}^) m A 
r\ < 0, then we have the following corollary. 

Corollary 3.5. Let (M, £, 77, $, (?) be a compact Sasakian manifold with 
27rcf (M) = (m + l)[dJ?]s, then 

(3.25) V*,fa) > 2(m + l)F d „(^) + 1 / h*,(d»0 m A 77 

for any 0e H(£,n,$,g). 
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4. TRANSVERSE MONGE-AMPERE EQUATION 

Let (M, £, 77, &,g) be a compact Sasakian manifold with 2ncf(M) = (m+l)[drj\B- 
Given any (p £ H(M, £, 77, $, g), we have a new Sasakian structure (£, 77^, $^,5^). It 
is easy to check that dr^ is Sasakian-Einstein if and only if ip satisfies the following 
equation 

(4.1) V^ld B d B log( fegA^ ) = y/=lB B ^ B {h dl , - (m + %), 

which is equivalent to the transverse Monge- Ampere equation (jl.5p . As in Kahler 
case, we consider a family of equations (|1 .6[) . We set 

(4.2) 5 = {tG [0,1]|(HU) is sofoaWe /or t}. 

By [H], we know that (|1.6[) is solvable for £ = 0. The openness of S was proved 
in [55] (Proposition 5.3) and j25 (Proposition 4.4) in a similar way as that in [I]. S 
is not empty. In order to use the continuity method to solve (|1.5[) . we only need 
to prove the closedness of S. By El-Kacimi's ( [14]) generalization of Yau's esti- 
mate ([35]) for transverse Monge- Ampere equations, the C°-estimate for solutions 
of (|1.6p implies the C 2,Q -estimate for them, and the transverse elliptic Schauder 
estimates give higher order estimates. Therefore it suffices to estimate C -norms 
of the solutions of (|1.6p . We list the following proposition for further discussion, 
the proof can be found in [28] (proposition 5.3) and [25] (proposition 4.4), see also 
proposition 4.2 in [37] . 

Proposition 4.1. Let < r < 1, and suppose that il.6\) has a solution p T at 
t = t. If < t < 1, then there exists some e > such that ip T uniquely extends to 
a smooth family of solution {ipt} of &1.6]) for t € (0, 1) fl (t — e, t + e). S is also 
open near t — 0, i.e. there exists a small positive number e such that there is a 
smooth family solution of \1.6\) for t € (0, e). If (M, £, 77, <&, g) admits no nontrivial 
Hamiltonian holomorphic vector field, ifi can also be extended uniquely to a smooth 
family of solution {(fit} of lil.6\) for t € (1 — e, 1]. 

As in [4] , we have the following lemma, the proof can be found in [37] (lemma 
4.3), see also lemma 4.9 in [25] and lemma 5.4 in [28] , 

Lemma 4.2. Let {<pt} be a smooth family of solution of (|1.6[) for t 6 (0, 1], 
then 

(4.3) j t (I dv - J dv )&t) > 0. 

Now, we consider the existence problem of Sasakian-Einstein metrics. We prove 
the following theorem. 

Theorem 4.3. Let (M , £, 77, $, g) be a compact Sasakian manifold with [drf\B = 
-^jCi(M, J 7 ^). If Fdri (or Vd-q) is proper in the space %(£, r], $, g), then there must 
exists a Sasakian-Einstein metric compatible with (£,77, $,5) . 

Proof. By Proposition 4.1, we can suppose that there exists a smooth family 
of solution {ipt} of (|1.6[) for t £ (0, r) with some r £ (0, 1). From the equation (|1.6p . 
we know that A t (pt < 4tti and pT > t(m + l)dr]t. By proposition 2.7, we have 

(4.4) 1 / ip t (d Vv ) m A 77 < 777/m^ + ^4^. 
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where positive constant C\(m) depends only on m. Using the fact Ad^pt > — 4to 
and the Green formula, we have 

(4.5) sup^ t <4 / ft(df 1 ) m A V + C 2 

M V J M 

where C 2 is a positive constant depends only on the geometry of (M,g). By the 
normalization, it's easy to check that sup M </?t > and inf m tp t < 0. Then 

,, „n IMIc° < sup M ip t -ini M Vt 

(4 ' 6) < W^) + ^ + c 2 . 

By (O and (|Q|) . we have 

(4.7) W</?*i) < (m + l)(/«fc, - Jdr,){ft 2 ) 
for any < t\ < t 2 < r. Combining (|4.6j) and (|4.7[) . we get 

(4.8) tll^Hcro < t (m + l)(I dri - Jd v )(<pt ) + C 3 

for any < t < to < T, where C3 is a positive constant depends only on the 
geometry of (M,g). So, we obtain an uniform bound on | *■ v (d,?™^ — -| for 
< t < to < t. By El-Kacimi's ( [14]) generalization of Yau's C° estimate ([35]) 
for transverse Monge- Ampere equations, there exists an uniform constant C4 such 
that 

(4.9) |Mlc°<C 4 

for < t < t < t. 

Differentiating (jl.6j) with respect to t, we have 

(4.10) -A t ipt = -t(m + l)<p a -(m + l)<p t . 
Using (f3~5]) and (|4.10[) . we have 

(4-11) = Jdnfa) ~ f Jm Vt{drj) m A r? - f J M <p t {dr) v ) m A r? 

= -{I dv (<Pt) - JdrjiVt)) < 0. 

By the uniform C° estimate (|4.9|) . it is easy to check that 
(4.12) tF^tpt) -► 

as t — > 0. So, from (J4.11I) . we have 

F dv (<p t ) < -^-log{^f M e h ^-(m+i) v{dT])mAri} 



(4-13) ^ (1 _ t) 



where we have used the concavity of the logrithmic function. From (|4.13[) and (|4.4[) , 
we have 

(4.14) F dri (<p t ) < ii-^C^m). 

By (|4.14|l and (|4.6[) . the properness of i 7 ^,, implies that Jdrjift), and consequently, 
||yt||c° i s uniformly bounded for t € [e, r). Therefore, the equation (|1.5|) can be 
solved, i.e. there is a Sasakian-Einstein metric on M. 
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For the /C-energy case. It is easy to see that, along the solutions of (|1.6|) . we 
have 

(4.15) sf = 2(m+l)(m-^^-A Vti p t ), 

and 

mi*> V dv(Vt) = -2(m + l)(/^-J dr; )(^) + |/ M ^d77 m A77 
(4 - 16) -^/ M ^W m A. 

Then, by (JSU) and (J3T7J) . we have 

iv dn (<p t ) = -^f M MsT-s)(d Vt rA V 

(4-17) = ^/ w ^A^^(^rAu 

= 2(m + l)(i-l)|((/ d ,-J rf ,)(^)). 

From (|4.16j) and (|4.17[) . we have 

(4.18) -(- / tpt(dr) Vt ) m Ar) + t(I dv -J d r,)(v t )) = (I dri -Jdr,)(<Pt)- 

Notin g that £ f M <Pt(dr]<p t ) m A n + t(/ d ,, - J dn ){vt) -» as t ->• 0. The identity 
(|4.18l) implies that 

(4-19) i / ^t(d%J m A 7/ + (J*, - J«fc,)(^) > 0, 

v Jm 

and 

f420 ^(^) < -2(m + l)(l-t)(I dri -J dri )(<pt) + lf M h dv dv m Ar) 

[ ' ' < vJ M h dvdv m Ar h 

Then the properness of V dr] implies that J dr] ((ft), and consequently, ||v?t||c° is uni- 
formly bounded for t £ [e, t). Therefore, the equation (|1.5[) can also be solved. 

□ 

Proposition 4.4. Lei (M, £, 77, <£>, g) be a compact Sasakian manifold with [drj\B = 
2 Ti cf (M, .Fg). IfV d7] (orF dr] ) is bounded from below in the space H(t;,n,$>,g), then 
there exists a smooth family of solution {tpt} °f i t-?. 6]) /or £ € (0, 1). 

Proof. By corollary 3.5, it is sufficient to prove the /C-energy case. We prove 
it by contradiction. Let r < 1 be the maximal number such that there exists a 
smooth family of solution {ft} of (|1.6|) for t € (0,t). By (|4.17p , we have 

uMd-q-Jdr^iVt) = / t0 2l^+TK*^TyS V rf'?(^) + (Xfoj ~ Jdr,)(<Pto) 

< jhf(V dv (<Pt ) - inf Vd n (<p)) + +(/ dr) - J dv )((f t0 ), 

where < to < t. Since Vdij is bounded from below, then (Xj^ — J dri )(ipt) is 
bounded uniformly from above for < t < r, and consequently, ||yt||c° is uniformly 
bounded for t £ [to,r). So the equation (|1.6[) can also be solved at r, this gives a 
contradiction. 

□ 



(5- 1 ) ^7 =1 °g / ■- w, I + (m + l)u-/i^ , 
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5. Smoothing by the Sasakian-Ricci flow 

In this section, we use the Sasakian-Ricci flow to get a smoothing lemma. As a 
natural analogue of the Kahler-Ricci flow, the Sasakian-Ricci flow was introduced 
in [29]. Now, we consider the following Sasakian-Ricci flow 

dv = {drioW^ldBdBvy n A jfo 

9s - ° g (d?7o) m A )/„ 

with v\ s =o = 0. The long-time existence had been proved in [29]. In the following, 
for simplicity, we will denote the transverse Kahler form dfj + ^/— 1<9b<9bu by drj s , 
and we will use a subscript s to indicated objects that are defined with respect to 
the transverse Kahler metric df) s . As that in [3], we have the following lemma. 

Lemma 5.1. The following inequalities 

(5-2) ||^||co< e (m+1)s ||^ ||c n , 

(5.3) sup(|^J 2 + S -\dh dfl f s ) < 4e 2 (" l+1 ) s ||^ || 2 7 „, 

M & 

(5.4) e-( m+ V s A s h dfh > A h df>0 , 
hold for all 8 > 0. 

Proof. Differentiating the Sasakian-Ricci flow equation (|5.ip gives 

d 1 

(5.5) —v = -A s v + (m + l)v, 

os 4 



the maximum principle implies (|5.2[) . By direct calculation, we have 
(5.6) ^-\dv\ 2 s = ±A s \dv\l - i|V s ^| 2 + (m + l)|d«| 2 . 

From (|5.5[) and (|5.6p . we have 



(5.7) (A _ I As )(« 2 + ^\dv\l) < 2(m + 1)(^ 2 + S -\dv\l), 
and the maximum principle implies that 

(5.8) sup(v 2 + ^\dv\l)<e^ + ^\\h dil0 \\l a . 

By the equation (|5.1[) . it is easy to check that 

(5.9) hdrj, = — v + c s 

for some constant c s with Co = 0. From the normalization condition the Ricci 
potential function and (|5.1|) . we have 



(5.10) / e - ( - m+1)v+h ^ +c '(dfjo) m Af)0= e hd *° {df] s ) m Aij. = V, 

JM JM 

and then 

(5.11) |c,| < (m + l)\\v\\ C o < e im+1 ^\\h df J c o. 

So, ([EHD and (IBTTTj) imply (jOl) . 

By direct calculation, one can check that 

(5.12) (£ - ^A s )(A s u) = (m + l)A.t> - \d B d B v\ 2 s , 

os 4 
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and then the maximum principle implies the inequality (|5.4|) . 

□ 

Lemma 5.2. Let vt. s be a solution of \5.1\) with dfjo = drj ipt . Let h = 
hdjj! — y J M hd^dfji) 111 A fji and assume that 

(5.13) -^d-qsE < dfji < drjsE- 

Then for any p > 2m + 1, there exist positive constant C\ depending only on 
(M,gsE) and p such that 

(5.14) \\h\\c°<Ci(i.-t)>&\\h d i h \\g?. 



Proof. (|5.3|) implies that ||ft||c < 4e m+1 ||/i ( 2jj ||c' - By the initial condition 
dfjo = dr]p t , we have p T (dfiv) > t(m + l)dfjo, and Aoh d fj > 4m(m + l)(t — 1). By 
(|5.4|) . we have 

(5.15) - Aihdfj, < 4e m+1 m{m + 1)(1 - t). 

Integrating by parts, we have 

J M \dh\j(dmrAm = -f H hAih(dfk) m Aik 

, , < | M (/i-inf/i)sup M (-Ai/i)(d?7i) m Ar/ 1 

K ' ' < 2V\\h\\ C osup M (-A 1 h) 

< C 2 (l-t)\\h\\ c0 , 

where C2 depends only on the dimension of M. Since ft be a basic function, by 
condition (|5.13[) . we have 

(5.17) \dh\sE < 2 \dh\l 

Let p > 2m + 1, by the Sobolev imbedding theorem (Lemma 2.22 of [2]), the 

Poincare inequality and (J5.3I) , we have 

\\h\\ P C o < C 3 (J M \h\P + \dh\ p SE (d VS E) m Avse) 
re-,,* < C 4 \\h di)Q \\ P co 2 (lM\ h \ 2 + \dh\ 2 SE (dVSE) m AVse) 

I - 18 ,) / /null. llP-2/f |jl|2 /J„ \m a „ \ 



< 
< 



C 5 \\h dfjo \\ P co(J M \dh\ 2 SE {dilSE) m A n SE ) 

c 6 \\h d ^ \\ P co 2 U M \ dh \ 2 ( df iir/\ml 



where constants C* depends only on (M,g$E) and p. Then (|5.16|) and (|5.18[) imply 
(15.141) . and we are finished. 

□ 

Lemma 5.3. Let Vt lS be a solution of \5.1)) with initial data dfjo — dr] ipt , and 
Ut = Ut,i- We have the inequality 

(5-19) Moo < -i- e m+1 \\h dv J\c° 

771+1 

for all t S [0, 1]. Moreover, assume that ^dr]sE < di] Vt+Ut < drjsE for all t € [ii, 1], 
where t\ € [0, 1). Then for any p > 2r7i + 1 and < k < 1, there exists a constant 
C-j depending only on (M,gsE) and p such that 

(5.20) \\hdr, vt+ut \\c°,Hd VSE ) < CV(1 - tf-^l + \\h dr , vt \\ c of 

for all t€[h,l], where /3 = 2±z^. 
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Proof. From (|Oj) . it follows that \^f\ < e^ m+ ^ s \\h drin \\ c o, and integrating 
from to 1, we obtain the inequality f|5.19|) . 

In the following, let d(x,y) be the distance between x and y with respect to the 
metric gsE- Since hd v +u is a basic function, by the condition ^dr/sE < dn ipt+Ut < 
dr/sE, we have 

\dhd Vvt+ut \d VgB < ^\ dh dr, vt+ v t \dr, vt+ut - 

If d(x,y) < (1 — t)^ rT (l + \\hdri v ||c°) _FrT i by (|5.3[) in lemma 5.1, we have 

l^ t+ut (^) - hd Vn+ut (y)\ < d(z, y) sup M \dh driipt+ut \ dvsE 

, r , < V2d(x, j/) sup M |d/i d ^ t+ „ t |di,„ t+U( 
^• 21 ^ < 4V2e"+ 1 d( a; ,y)(l + ||^J| c o) 

< 4V2e m+1 (l - 0^(1 + ll&A/JIcO^dfoiO*. 

If d(x,y) > (1 — t)^ rT (l + \\hd v ^ ||c°) _FrT i then the estimate (15.14)) in lemma 5.2 
implies 

(5.22) < 2C 1 (l-i)^(||/i d „J| c o)£3 

< 2C 1 (l-i)^(l + ||/^J| c o) £ ^d(;c, 2 /)'\ 

On the other hand, the integral normalization f M e drivt+ut (drj Vt+Ut ) m A n = V 
implies hd v , +u change signs, so we have 

(523) \\ h drj n+ut \\co < Osc{h d r, vt+lt ) = Osc{h) < 2\\h\\ c o 

< 2<5 1 (l-t)^T(||/i^J| C o)^. 

It is easy to see that (|5~2Tj) . (1Q2")) and (pT2U)) imply the estimate ([O0|). 

n 

Set a := 1 — 4m+2 > i and define the function fd n by 

(5.24) /*,(«) := (1 - tf- a {\ + 2(1 - t)||^|| c o) Q . 

Discussing as that in |32) . we have the following proposition. 

Proposition 5.4. Suppose that (M, £, 77, $, g) admits no non-trivial Hamilton- 
ian holomorphic vector fields. Let ip t be a smooth family of solutions of the equation 
ft 1.6]) for t € (0, 1]. There exist a constant D > depending only on (M,g$E) such 
that 

(5.25) ||^i - iptWco < A(l - t)\\(pt\\co + 1 

for all t £ [to, I], where to G [0,1) satisfies fdri(to) = max[ tol i /,;, = D and A 
depending only on the dimension of M . 

Proof. Let's rewrite (|1.6|) as the following transverse Monge- Ampere equation 
with dr/sE as reference metric 

(dr]SE+\/^ldBdB(<pt — ipi)) m /\rj 

(5.26) (d V SE)™/\V 

= cxp(-(m + \){ip t - ipi) + (1 - t)(m + l)ip t ). 

It is easy to see that hdri = (t — l)(m + l)<ft + c t , for some constant ct- The 
integrate normalization of the Ricci potential function hdr\ gives 

1 ' = J eMlM^^fAii, 
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from which it follows that 

(5.28) |c t |<(m + l)(l-t)|H| c o, 
and 

(5.29) \\h drivt \\ c o < 2(m + 1)(1 - t)\\<p t \\c°- 
Then, lemma 5.3 implies that 

(5.30) || Ut || c o<2 e ( m+1 )(l-t)||^|| c o. 

Consider dr\ ipt+Ut = dr/+ yf-Ld B B B ((p t + u t ) = dr/sE + V^ld B d B (ip t +u t - </?i), 
and then 

(dysE+V— TdBdBJ'-Pt+ut — yi)) m A7) 

(5.31) (d VSB )™/\ri 

= exp(-(m + l)(ift + u t - ipi) - hd Vvt+ut - c t ) 

for some constant c t . Setting <p t = ip t + Ut — fi 4- ^^f, from (|5.31[) and (|5.30[) . we 
have 

/ M e^^-H., (d Vvt+Ut r AV = J M e-( m+1 ^(d VsE r A r, 

(5.32) = ^e-Kife+f^+ilv.-KiJw^jm^ 

and then 

r ,^ \ct\ < (l-t)(w» + l)||^||cfo + (m + l)||«t||co 

[ ' < (l-t)(m + l)(l + 2e( m + 1 ))||^|| c o. 

Recall that ipt — fi — <Pt ~ Ut — ^fj , from (|5.30j) and (|5.33|) , we have 
(5.34) \\ip t ~ ^i|| C a = Halloo + (1 - i)(4e( m+1 ) + l)||pt||co. 

From above, it will suffice to get the estimate ||^t||c° < 1- 

Let's consider the following transverse Monge- Ampere equation 

5.35 log{ — — } + (m + l)ip = ip. 

(dr]sE) m A n 

The linearization of the left side of (J5.35I) at ip = is 

(5.36) Si>^-A aE Si> + (m + l)Sil>, 

which is a transverse elliptic operator from Cg ' (M) — > Cg ' (M) for any 
< k < 1 and i > 0. If M doesn't have non-trivial Hamiltonian holomorphic 
vector fields, by theorem 5.1 of [T5] . we have ker(jAsE + {m + 1)) = 0, then 
the operator (\A SE + (to + 1)) : C B +2 ' e (M) ->• C]j +2 ' e (M) is invertible. Applying 
the implicit function theorem, there exist positive constants e(drjsE) and C*{dr)SE) 
which depend only on k and the geometry of (M,g$E), so that 

(5.37) if \\ip\\ c a,t < e(di] S E) then ||i/'||c 2 . fc < C*(dr}SE)\\i>\\c°' k - 

Setting D = 2(c T +i"c»+i)(e+i) ' wnere e = e (dvsE), C* = C*{dr)sE) are chosen 
as in f|5.3T[) . a = 1 — 4m 1 +2 , C7 is defined as in lemma 5.3 (by choosing k = \ and 
p = 2to + 2. Let to € [0, 1) satisfies fdr)(to) = max[ tol ] fd v = D. Now, we only need 
to prove the following claim. 
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Claim For all i£ [to, 1], we have 
(5-38) H^llcM < \. 

We assume the contrary. Since tp\ = 0, there exists t\ £ [to, 1) such that 

(5-39)11^11^^ = -, and ll^f (d?7SE ) < - */ *i < * < 1. 

In particular — jdrjsE < \/— Wadset < jdrjsE, and then 

3 , , 5 

for all t £ [ti, 1]. By applying (|5.20|) in lemma 5.3 (by choosing p — 2m + 2) and 
(|5.29|) . we have 

\l-a/ 



(5-40) 7^S_b < *7 Vt +« t < -dr/sE 



(5.41) 



I^-hJU*^) ^ CV(l-*) 1 -° , (l + ll^ t llco) a 

< C 7 (l - t)!- a (l + 2(1 - t){m + l)||^|| C o) Q 

< C 7 (m + 1) Q (1 - t) x - a (l + 2(1 - t)||^|| c o) c 

< C 7 {m + l) a D 

_ Cje 

2(C 7 +l)(C* + l)(e+l) 

< e, 



for all t £ [ti , 1]. Using (|5.37[) again, we get 
HVtilU.*M-__> ^ Ilk 



c 2 '3(^ sb) - ll ra *»w+«*!lc 'i(* teil ) 



(5.42) < 



C"C 7 e 



2(C 7 +l)(0+l)(e+l) 

5- 
This gives a contradiction, and complete the proof of the claim. So, the proof of 
the proposition is complete. 

□ 

6. A Moser-Trudinger type INEQUALITY 

In this section, we assume the existence of a Sasakian-Einstein structure and 
establish a Moser-Trudinger type inequality for functional Fd VSE , our discussion 
follow that in 25] by Phong, Song, Strum and Weinkove. In fact, we obtain the 
following theorem. 

Theorem 6.1. Let (M,t;,r)sE,&SE,gsE) be a compact Sasakian-Einstein 

metric without non trivial Hamiltonian holomorphic vector field, then there exist 
uniform positive constants C\, C'2 depending only the geometry of (M, gsE), such 
that 

(6-1) Fdr, SE (<p) > CiJ dr)8B {ip) - C 2 , 

for all Lp £ H{£,n S E,®SE,gsE)- 

Proof. Fix a basic function <f> £ H(£,r]E,&SE,gsE), and set dn = drjsE + 



-IObBb^- Now, let us consider the complex Monge- Ampere equation (|1.6p . Since 
there are no nontrivial Hamiltonian holomorphic vector fields, by the uniqueness 
of Sasakian-Einstein structure ( |28) or |25j ) and proposition 4.1, a unique solution 
ft exists for all t £ (0, 1], and dr] t p 1 = drjsE- In particular tpi and — <f> differ by a 
constant. 
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For further consideration, we give the following estimates for functionals F, I 
and J. From (|3~Tj) . (|3~4| and (f4TT0]l . we have 

( , 9] -ll M M(dvr-(dv^r}Ar, 

= -Jsiv Im <P.(*V v .) m A rj) - i / M ^.(d^.r A *?■ 
The uniform C° estimate (|4.9|) of ipt implies that 

(6.3) si / ^J m AH0 

as s — >• 0. By integrating on [0, t], we get 

t(I dri - Jd v )(<Pt) ~ Jo (■**? ~ Jd n )(<Ps)ds 
(6 4) = /o s ij( J *J - J dr,){<Ps)ds 

= -y/M^( d %t) m A?7, 

and then 

(65) J^fat) = -(^-^)(^)-y/ M ^( d ^) m Ary 

= irloi 1 ^- JdT,){<p s )ds- 
Taking £ = 1 and considering F^(yJi) = —Fd VSE (4>), so that 

is. 



(6-6) Fdns E {4>)=j (I<h) - Jdr))(<Pa)d. 



(i 



By the definitions (|3.1|) and the cocycle property of F® , we have 
Jd v (<Pi) ~ J*,(<Pt) = v LM - Vt){dr,) m A 77 + fyfa) ~ ¥%{<&) 

(67) = ^J M (<Pl-<Pt)(d V ) m AT} -^(tpt-tp!) 



By adding 



we get 



< f f M (^ - ^)(*?) m A r; + i / M (^ - ^i)(d77 Vl ) m A 77) 

< Osc(y>i - </>t). 

Idnift) -IdriiVi) 

V Ju&t ~ Vi)(dv) m A 77 + i / M (^ - <p t )(dr,™ ) A 77 

+£ J M ^{(rf^r " (d%t) m > A 77, 



{Idri - Jdrj)(<Pt) - (Idr) - Jd v )(}fil) 
= Jdy(<Pl) ~ Jd v (<Pt) + (Idr,(<Pt) - Idy(<Pl)) 

= V Im ^ ( dr ^i _ dr lvt ) A (EjLo 1 *& A dr) { ™ 1 3 ')A'I 

= F Im(Vi ~ <Pt)(dr) vt - drj) A (E™^ 1 *4 A *iT~ 1_j) ) A 77 

< mOsc(ip\ — ipt). 



Interchanging ip t and ip\ in (16.7[) and (I6.8p . we get 

(6.9) l^^l) - ^dr,(^t)l < Osc(ipi - <y9 t ) 

and 

(6.10) \(Idr, - Jdr))(<Pt) - (Idr, — Jdr))(<Pl)\ < 771 • Osc(lfi\ - (ft). 
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Using the relationship Fd n {<pi) — —FdrisE{4>)i we have 

Jdr,(<Pi) = Fd n (<Pi) + y fu <Pi( d v) m A?7 
, fiin = -Fd VSE (^) + vJ M Mdv) m A?? 

= {Idr,SE - Jdr,s E ){ < t>) > -kJdr,s E {4>), 

where we have used the inequality Q3.8p . Since (Id v — Jdr^ift) is nondecreasing in 
t, (|6.6|) implies that 



(6.12) F dvsE {cj)) > (1 - *)(/*, - J,h,)(<pt)da > -^Jd v {ft), 
using (|6.11[) and (|6.7p . we have 

(6.13) F dvsE (4>) > — K-Jd VSE {4>) Osc((^ t - ip x ). 

In the following, we choose to as that in proposition 5.4. If 2(1 — i ) II ^ t II c° < lj 
by the definition of to , we have D < (1 — to) 1_Q 2 Q , i.e. 

(6.14) (l-*o) > 2"t^dt^. 

If 2(1 - t )||^ n ||c° > 1, we have D < 4 Q (1 - io)|Mlc°> then 

(6-15) (l-to)> ° ■ 

* IISMollc 

On the second case, we may assume that 1 — to < : ^2 — > the inequality implies that 

(6-16) IK,llc°<2||pi||co+2, 

then 

<6 - i7) "-"' ^.(iiXti). 

Since sup y>i • inf 931 < 0, we always have the following inequality 

c" 

C" 



( 1_ *°) " (||^i|lco+l) = 



(6.18) > 



c" 



(Osc(0) + 1)° > 

where C is a positive constant depending only on (M,gsE)- On the other hand, 
using proposition 5.4 again, we have 

f61gl Q--to)\\<Pl-<Pto\\o < (l-^o) 2 A||^ || c o + l 

[ ' ' < AD^ + 1. 

By inequalities ([635]) . (J6TT51) and (l6~ll?)) . we obtain 

< 6 - 20 > ^,W>ft (0 ^f 1)a -6, 

for all G H(£,risE,'&SE,gsE), where Ci and C2 are positive constants depending 
only on the geometry of (M, gsE)- 

Since <p t -<p\ € H(t,r] SEl $ SE ,g SE ) and pj, )t > t(m + l)dr) tl we can use corollary 
2.8 to obtain the following estimate 

(6.21) Osc(<^ - p x ) < Ja, m (^ - ¥>i) + C(M,g SE ), 
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for t € [|, 1], where (^(M, gsE) is a constant depending only on (M, gsE)- By (|6.20[) 
and (|6.21[) . we have 

(6.22) F*,„( W ^ *i) > C 3 JdV Z {iPt ~*i^ a C 2 , 

for t £ [4, 1], where C 3 is a constant depending only on (M,gsE)- 

By the cocycle property of the functional F, formulas (|6.4|) . (J6.5I) . (|4.6p . nonde- 
creasing of (/<$,, — Jdr)){Vt) and the concavity of the log function, we have 

Fdr, SE (<ft ~ <fi) = ^(^t) ~ -F^Opi) 
= t 1 Jo i^v - Jdi 1 ){<Ps)ds + j {Idn - Jd v )(<Ps)ds 
-^ log{£ | M e^D^+D^^J™ A r,} 

- ^T 1 /o ( /rf? ? ~ Jd v )(<Ps)ds + J t (I d ri - Jdr,)(Vs)ds 

( 6 _23) + 1 i V i Xm Vt ( d? M )™ A »? 

= j t (hr, - Jdr,)(fs)ds - (1 - t)(7 dt? - Jdr,)(<Pt) 

< (1 - £){(/<*,, - Jdr))(<Pl) - (Idr, ~ Jd n ){<Pt)} 

< m{\ — t)Osc(ipi — (fit) 

< mil-tnid^Avt-^ + ^ + Ci} 

< m{l-t){(m + l)J dvsE (tp t -i Pl ) + ^^ + C 2 } 

By a same discussion in 26 (pl083), we know that (J6.13I) . (|6.21[) . (|6.22[) and 
(|6.23p imply the Moser-Trudinger inequality ()6.1|) . We write out the proof in details 
just for reader's convenience. 

Combining (|6.22[) with (|6.23j) . we have 

(6.24) m(m + 1)(1 - t)J{t) + C 4 (l -t)> C 3 {J ^ 1)a ~ C 2l 

for i£ [o>l]) where C4 is a constant depending only on (M,gsE)- Here we denote 
JdrisE^t ~ ¥>i) by J(t) just for simplicity. (|6.24p can also be written as 

(6-25) ^^L (C 5 - (1 _ *)(./(*) + 1)«) < C 6 (l - t) + C 7 

where C5, C§ and C7 are constants depending only on (M,gsE)- We can suppose 
that there exists a t' £ [5,1] with 

(6.26) (l-t')(J(t') + ir = ±C 5 . 

If not then we must have (1 - t)(J(t) + l) a < \C 5 for all t £ [|, 1], It would follow 
that J(|) < Cf, then (j6~T3l) and (jOTj) imply ([BTT]l . Otherwise, from (jr!25| we 
have that J(t') < Cg and 1 — if > Cg, these also imply (|6.1[) . 

D 
Now, theorem 4.3 and theorem 6.1 imply the main theorem in the introduction. 

7. A Miyaoka-Yau type inequality 

Definition 7.1. Let (M, £,77, $, 5) &e a compact Sasakian manifold with 

[drf\B = ~^ I ti c i(M,J r £). As above, we define S(£,J) to the space of all Sasakian 
structures which compatible with (£,77, $,<?)• Lei's define two positive constants by 

a& J) := inf{A | < Sj„, < 2mA /or some (£,77, $,<?) € S(£, J)}; 
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(/// 



d 



/3(£, J) := sup{A | 51, > 2mA for some (£,77, $, g) € S(£, J)}. 



Remark: Since the mean value of transverse Scalar curvature S = 2m(m + 1) 
/or arty Sasakian structure in 5(£, J), ?£ is easj/ £0 see i/iai a(£, J) > 771 + 1 artrf 
< /3(£, J) < 77i + l. Obviously, if there exists a Sasakian-Einstein structure in 
<S(£, J), £/ie?7 we Ziawe a(£, J) = to + 1 = /?(£, J). 

Lemma 7.2. Let Let (M, £,77, ■!>, g) be a compact Sasakian manifold with 
[drf\ B = ^frcf (M, ?£), and (£, 77', $',</) e S(£, J). Tften we Twwe 

J M (2 7 r) 2 (2cf (M,^) - ^cf (M,^)2) A ^^ A 77' 
= 7 M |i?m T | 2 - 4*X - ig^ ^)' - (2m(m + l)) 2 ) ^^ A r/, 

JM I I m(m+l) m(m+l) VV / V V l // / rnl ' ' 

where Rm T and S T are the transverse curvature tensor and the transverse scalar 
curvature of (£, 77', <&',(/). 

Proof. By direct calculation, we have 

/ M (27r) 2 (2 C f (M, J",) - ^cf (M, J- ? ) 2 ) A ^ggp A ^ 
= / M {ir(i?m T A i?m T ) - ^tri?m T A tri?m T } A ^gp A 77' 

= / M |i ?TO T |2 _ |p T |2 + _i_ ((5 T )2 _ |p T |2) (i^r A?7 , 

On the other hand 

I M (S T ) 2 -\P T \ 2{ -^^AV' 

= J M 47n(m-l)(m + l) 2 ^^A7;'. 

Combining the above two equalities, we get (|7.1[) . 

D 

In locally foliation chart (x, z 1 , ■ ■ ■ , z m ), setting 

( 7 - 4 ) Qm = R% k i- m( ^ + 1) (g.Kr + g.Tgfcj)- 

It is easy to check that 

(7.5) |Q| 2 = |i?m T ' 2 2( ^ T)2 



771(777, + 1) 
Combining (|7.1[) and (|7.5[) , we have 

/ M (2^) 2 (2cf (M, Jg) - ^jcf {M,F,f) A ^^ A 77' 

> Im ~ ^^ i(S T ) 2 - (Mm + l)) 2 )^ A rf. 

Let's recall the Calabi functional on the space S(£, J), which was introduce by 
Boyer, Galicki and Simanca in [11] . 

,__. CoZ^r/, $',<?') = / M (5j ?; ,-2m(m+l)) 2 (d7 / 'rA7,' 

[ ' = j M (sj v ,r-(2 m ( m +i)f(d V 'rAv'- 
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If inf 5 (c j\ Cal — 0, for arbitrary e > 0, we have a Sasakian structure (£, 77', $', g') G 
«S(f, J) such that Cal(£,r)', &,g') < e. Then, by flH|), we have 

r M ( 27 r) 2 (2cf (M,^) - ^cf (M,^) 2 ) A ^^ A V 

t -'-°-' (m-l)(m+2) 



— m(m+l) 



Since e is arbitrary, (|7.8[) implies the following theorem. 

Theorem 7.3. Let (M , £, 77, $, <?) fee a compact Sasakian manifold with [dijjs = 
m+i c ? '(-^'^"g)- ^/ ml S(£ .7) ^ a ^ = 0; i/ien we Ziaue t/ie following Miyaoka-Yau type 
inequality 

(7.9) / (2c? (M,?t) - -^-cf (M,^) 2 ) A (dry)— 2 A 77 > 0. 

On the other hand, if a(£, J) = TO + 1, for arbitrary e > 0, we have a Sasakian 
structure (£, 77', $',5') € S(£, J) such that < S T < 2to(to + 1 + e). By ((721), we 
have 

(7.10) Ca/(£, r/, $', g') < 2(2to) 2 (to + l)e + (2m) 2 e 2 . 

Then, we have the following corollary. 

Corollary 7.4. Let (M, £, 77, $, 5) fee a compact Sasakian manifold with [drf\B = 
m Z 1 Ci (M, J 7 ^)- If a(£, J) = TO + 1, £/ie77 infj/t n CaZ = 0. In particulary, we also 
have the Miyaoka- Yau type inequality |7.ff| ). 

As that in [3], we have the following proposition. 

Proposition 7.5. Let (M, £, 77, $, g) fee a compact Sasakian manifold with 
[drf\B = 2 Ti cf (M, -F^). J/ i/ie /C energy functional V d rj is bounded below on 
the space %{£,, rj, $, g), then, for arbitrary e > 0, M admits a Sasakian structure 
(£, 77', $', g') compatible with (£,77, &,g) such that \Sj , — 2m(m + 1)| < e. In par- 
ticularly, a(£, J) = m + 1 = /3(£, J). 

Proof. By proposition 4.4, there exists a smooth family of solution {ft} of 
(HU) for t e (0, 1). Let f(t) = (1 - i)(J d „ - J dr ,)(^), by gUJ), we have 

Since V,^ is bounded below, the above equality implies that there exists a sequence 
ti — » 1 such that /(ij) — >• as i — >• +00. From (I4.6|) and (I3.8[) . we have 

/ 712 n II Wile < Osc(/i d ^) = (l-t)Osc(^t) 

1 ' < (l-t)((m + l)(I dv -J dn )( Vt ) + ^ + C 2 ). 

So, there exists a sequence i; — >• 1 such that ||/idrj t . ||c° — > as i — > +00. On the 
other hand, considering 

(7.13) p T dm = t(m + l)dr) t + (to + 1)(1 - t)d-n > t(m + l)dn t , 

for arbitrary e > 0, we get a Sasakian structure (£ ) fj,<&,g) £ 5(£, J) such that 
Sj fl - 2m(m + 1) > -e and ||/i^||c° < e - 

Let's consider the Sasakian-Ricci flow (|5.ip with the initial data dfjo = dfj. Since 
the initial h d fj satisfies H^dr/oHc < e an d Aohdfjo > — 2e, by lemma 5.1, we have 

(7.14) ||/ l ^J| c o<4e 2 ( m + 1 )e, /or se[0,2]; 
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(7.15) aup\dh dfj f s <8e i( - m+1 h 2 , for sG[l,2]; 

M 

and 

(7.16) A a h d f, e > -2e 2 ^ n+1 h, for a € [0,2]. 
From (|5.6[) and (|5.12[) . setting a = ^, we have 

(^ - iA s )(|d/l^ s | s + ea(s - l)A s h d ^,) 
,„ <, (m+ l)(|d/id7)»| s + ea(s- l)A s /i d ^ s ) + eaA s h di}s 
{7 - U) -(l + ea(s-l))\d B B B h d ^\ 2 



< 



l+ea(s-l) 



(m+ l)(|d/i^J s + ea(s- l)A e h di j g ) + A s h df j s (ea ^ — l A s h dfl 



where we have used the Cauchy-Schwarz inequality (^A s h) < m\dBdBh\ 2 . Equiv- 
alently, we have 

(7 1R x (& - iA.){e 1 -'{\dh dij . \. + ea(s - l)A s h dfjs )} 

[ ' < J-'A^ea- 1+ea ^ A a h dfjs ). 

Then, (|77TSj) implies that e 1 ' 8 (\dh di j s \ B + ea(s - l)A 8 h df j B ) < 16e^ m+1 h 2 for s G 
[1,2]. Otherwise at the point of [1, 2] x M where it fails to hold for the first time 1 < 
to < 2, we have e l - s ea(s-l)A s h dfls > 8e 4 ( m+1 h 2 and then A s h dfjs > 32me^ m+1 h. 
But, from (|7.18|) . we have A s h d f lg < e at the point, which is a contradiction. So, 
we have 

(7.19) A s h df)s < 64me 4m+5 e for s = 2, 
and then 

(7.20) \Sj fu - 2m{m + 1)| < 32me 4m+5 e for s = 2. 

□ 

Corollary 7.6. Let (M, £,r), $, 5) 6e a compact Sasakian manifold with [drf\B = 
^. cfjM,^). J/ t/ie /C energy functional V dr i is bounded below on the space 
H(£,,r], $, g), then we have the Miyaoka-Yau type inequality J7.g[ ). 

As an application of theorem 4.3 and lemma 7.2, we have the following proposi- 
tion. 

Proposition 7.7. Let [M, £, 77, $, g) be a compact Sasakian manifold with 
HB = ^ T cf(M,7- e ) and 

(7.21, J M (24(M,T t ) - ^(M.rtf) A f^ A, . 0. 

If Fdrj (or V dn ) is proper in the space "H(£, r), $, g), t/ien t/iere must exists a Sasakian 
metric (£, r/, $',</) € 5(£, J) with constant curvature 1. Furthermore, if M is 
simply connected, then (M, g') is isometric to a unit sphere. 

Proof. By theorem 4.3, there exists a Sasakian-Einstein (£, rf , $', </) G <S(£, J). 
By lemma 7.2, formula (|7.5p and the condition (j7.21[) . we have 

(7-22) Q, M = Rf ]kT - 2($<& + <%<%), 

i.e. {£,rf ,<&',g') is of constant transverse holomorphic bisectional curvature. On 
the other hand, using the relation (j2.5[) of the transverse curvature tensor and the 
Riemann curvature tensor (or see proposition 7.2 in |31j). it is not hard to see that 
the Riemannian manifold {M,g') is of constant curvature 1. □ 
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